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IMPROVED UPPER BOUND OF THIRD ORDER HANKEL
DETERMINANT FOR OZAKI CLOSE-TO-CONVEX FUNCTIONS
MILUTIN OBRADOVIC´ AND NIKOLA TUNESKI
Abstract. In this paper we improve the upper bound of the third order Han-
kel determinant for the class of Ozaki close-to-convex functions. The sharp
bound is conjectured.
1. Introduction and preliminaries
Univalent functions are functions which are analytic, one-on-one and onto on a
certain domain. Their study for more than a century shows that problems are sig-
nificantly more difficult to be solved over the general class instead of its subclasses.
This is also the case for the upper bound of the Hankel determinant, a problem
rediscovered and extensively studied in recent years. Over the class A of functions
f(z) = z + a2z
2 + a3z
3 + · · · analytic on the unit disk, this determinant is defined
by
Hq(n) =
∣∣∣∣∣∣∣∣∣∣∣
an an+1 . . . an+q−1
an+1 an+2 . . . an+q
...
...
...
an+q−1 an+q . . . an+2q−2
∣∣∣∣∣∣∣∣∣∣∣
,
where q ≥ 1 and n ≥ 1. The second order Hankel determinants is
H2(2) =
∣∣∣∣∣ a2 a3a3 a4
∣∣∣∣∣ = a2a4 − a23,
and the third order one is
H3(1) =
∣∣∣∣∣∣∣∣
1 a2 a3
a2 a3 a4
a3 a4 a5
∣∣∣∣∣∣∣∣
= a3(a2a4 − a23)− a4(a4 − a2a3) + a5(a3 − a22).
For the general class S of univalent functions in the class A tehre are very few
results concerning the Hankel determinant. The best known for the second order
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case is due to Hayman ([5]), saying that |H2(n)| ≤ An1/2, where A is an absolute
constant, and that this rate of growth is the best possible. Another one is [12], where
it was proven that |H2(2)| ≤ A, where 1 ≤ A ≤ 113 = 3, 66 . . . and |H3(1)| ≤ B,
where 49 ≤ B ≤ 32+
√
285
15 = 3.258796 · · · .
There are much more results for the subclasses of S. Namely, for starlike func-
tions the upper bounds for the second and the third order Hankel determinant are
1 ([7]) and 47 = 0.5714 . . . ([10]), respectively, while for the same bounds for the
convex functions they are 1/8 ([7]) and 4135 = 0.0296 . . . ([8]). The estimates for the
second order case are sharp, while of the third order are not, but are best known.
For the class R ⊂ A of functions with bounded turning satisfying Re f ′(z) > 0,
z ∈ D, we have sharp estimate |H2(1)| ≤ 49 = 0.444 . . . , ([6]) and probably non-
sharp |H3(1)| ≤ 12493840 = 0.32526 . . . ([11]).
In this paper we study two classes introduced by Ozaki.
The first one is the class of Ozaki close-to-convex functions
F = {f ∈ A : Re
[
1 +
zf ′′(z)
f ′(z)
]
> −1
2
, z ∈ D}
introduced by Ozaki in 1941 ([13]) and it is a subclass of the class of close-to-convex
functions. For this class the non-sharp estiamtes are known |H2(2)| ≤ 2164 ([9]) and
|H3(1)| ≤ 180+69
√
15
32
√
15
= 3.6086187 . . . ([1]). We will significantly improve the second
estimate to the value 0.08802 . . .. More about this class one can find in [17, Sect.
9.5].
The other class that we will be considered is
G = {f ∈ A : Re
[
1 +
zf ′′(z)
f ′(z)
]
<
3
2
, z ∈ D},
Ozaki in [13] introduced this class and proved that it is subclass of S. Later,
Sakaguchi in [15] and R. Singh and S. Singh in [16] showed, respectively, that
functions in G are close-to-convex and starlike. Again in [9] it was shown that
|H2(2)| ≤ 9320 = 0.028125 . . .. Here we will give estimate of the third Hankel
determinant.
In the studies given in this paper we use approach based on the estimates of
the coefficients of Shwartz function due to Prokhorov and Szynal (Lemma 1 given
below). This approach is essentialy different than the comonly used and is the
main reason for the improvement in the estiamete for the class F mentioned above.
Uusualy the research is done using a result on coefficients of Carathe´odory functions
(functions from with positive real part on the unit disk) that involves Toeplitz
determinants (see [17, Theorem 3.1.4, p.26] and [4]).
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Here is the result of Prokhorov and Szynal that we will need. In more general
form it can be found in [14, Lemma 2].
Lemma 1. Let ω(z) = c1z + c2z
2 + · · · be a Schwarz function, i.e., be analytic in
the unit dick and |ω(z)| < 1 when z ∈ D and µ and ν be real numbers.
(i) If |µ| ≤ 12 and −1 ≤ ν ≤ 1, then∣∣c3 + µc1c2 + νc31∣∣ ≤ 1.
(ii) If |µ| ≥ 2 and − 23 (|µ|+ 1) ≤ ν ≤ 2|µ|(|µ|+1)µ2+2|µ|+4 , then
∣∣c3 + µc1c2 + νc31∣∣ ≤ 23(|µ|+ 1)
√
|µ|+ 1
3(|µ|+ 1 + ν) .
We will also need the following, almost forgotten result of Carleson ([2]) that
can be found also in [3, Problem 16, p.78].
Lemma 2. Let ω(z) = c1z + c2z
2 + · · · be a Schwarz function. Then
|c2| ≤ 1− |c1|2 and |c4| ≤ 1− |c1|2 − |c2|2 − |c3|2.
2. Main results
We begin with improvement of the upper bound of the third Hankel determinant
for the class F of Ozaki close-to-convex functions.
Theorem 1. Let f ∈ F is of the form f(z) = z + a2z2 + a3z3 + · · · . Then
|H3(1)| ≤ 1
30
(
13
8
)2
= 0.08802 . . .
Proof. For a function f ∈ F there exists a Schwarz function ω(z) = c1z+c2z2+ · · ·
such that
(1) 1 +
zf ′′(z)
f ′(z)
= −1
2
+
3
2
· 1 + ω(z)
1− ω(z) ,
i.e.,
[zf ′(z)]′ · [1− ω(z)] = [1 + 2ω(z)] · f ′(z).
By equating the coefficients in the abovr expression we receive
a2 =
3
2
c1,
a3 =
1
2
(4c21 + c2),
a4 =
1
2
(2c3 + 13c1c2 + 20c
3
1),
a5 =
3
40
(2c4 + 12c1c3 + 46c
2
1c2 + 40c
4
1 + 5c
2
2).
(2)
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Using (2) we have
H3(1) =
1
320
[
4c41c2 + 8c
3
1c3 + 4c1c2c3 − 23c21c22
−12c21c4 + 20c32 − 20c23 + 24c2c4
]
=
1
320
[
− 20c3
(
c3 − 1
5
c1c2 − 2
5
c31
)
+ 12c4(2c2 − c21)
− 23c21c22 + 20c32 + 4c41c2
]
,
and from here
|H3(1)| ≤ 1
320
[
20|c3|
∣∣∣∣c3 − 15c1c2 − 25c31
∣∣∣∣+ 12|c4|(2|c2|+ |c1|2)
+ 23|c1|2|c2|2 + 20|c2|3 + 4|c1|4|c2|
]
.
(3)
Lemma 1(i) for µ = − 15 and ν = − 25 gives
∣∣c3 − 15c1c2 − 25c31∣∣ ≤ 1. This inequal-
ity, together with the inequalities for the function ω given in Lemma 2, applied in
(3) imply
|H3(1)| ≤ 1
320
[
20|c3|+ 12(2− |c1|2)
(
1− |c1|2 − |c2|2 − |c3|2
)
+23|c1|2|c2|2 + 20|c2|2(1− |c1|2)
]
=
1
320
[
24 + 20|c3| − 24|c3|2 − 12|c1|2(1− |c3|2)
−4|c2|2 − 24|c1|2 + 12|c1|4 + 15|c1|2|c2|2)
]
≤ 1
320
[
24 + 20|c3| − 24|c3|2 − 12|c1|2(1− |c3|2)
−4|c2|2 − 24|c1|2 + 12|c1|4 + 15|c1|2(1− |c1|2)2
]
=
1
320
[
24 + 20|c3| − 24|c3|2 − 12|c1|2(1− |c3|2)
−4|c2|2 − 3|c1|2(3 + 6|c1|2 − 5|c1|4)
]
≤ 1
320
(
24 + 20|c3| − 24|c3|2
)
=
3
40
(
1 +
5
6
|c3| − |c3|2
)
≤ 3
40
(
1 +
5
6
· 5
12
−
(
5
12
)2)
=
1
30
(
13
8
)2
.

The previous result, althow significantly improves the one from [1], still is not
sharp, as the following one dealing with the class G.
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Theorem 2. Let f ∈ G and is of the form f(z) = z + a2z2 + a3z3 + · · · . Then
|H3(1)| ≤ 3589
291600
= 0.0123 . . . .
Proof. Similarly as in the proof of the previous theorem, for each function f from
G, there exists a function ω(z) = c1z+c2z2+ · · · , analytic in D, such that |ω(z)| < 1
for all z in D, and
(4) 1 +
zf ′′(z)
f ′(z)
=
3
2
− 1
2
· 1 + ω(z)
1− ω(z) ,
i.e.,
[zf ′(z)]′ · [1− ω(z)] = [1− 2ω(z)] · f ′(z).
From here, by equating the coefficients we receive
a2 = −1
2
c1,
a3 = −1
6
c2,
a4 = − 1
24
(2c3 + c1c2),
a5 = − 1
120
(6c4 + 4c1c3 + 3c
2
2 + 2c
2
1c2).
From here, after some calculations we receive
H3(1) =
1
8640
[−60c23 − 132c1c2c3 + 72c31c3 + 36c4(2c2 + 3c21)
+36c41c2 + 76c
3
2 + 3c
2
1c
2
2
]
=
1
8640
[
−60c3
(
c3 +
11
5
c1c2 − 6
5
c31
)
+ 36c4(2c2 + 3c
2
1)
+36c41c2 + 76c
3
2 + 3c
2
1c
2
2
]
and further
|H3(1)| ≤ 1
8640
[
60|c3|
∣∣∣∣c3 + 115 c1c2 − 65c31
∣∣∣∣+ 36|c4|(2|c2|+ 3|c1|2)
+ 36|c1|4|c2|+ 76|c2|3 + 3|c1|2|c2|2
]
.
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Now, Lemma 1(ii) for µ = − 475 and ν = 3875 gives
∣∣c3 + 115 c1c2 − 65c31∣∣ ≤ 12815√30 ,
which together with the inequalities from Lemma 2, implies
|H3(1)| ≤ 1
8640
[
512√
30
|c3|+ 36(1− |c1|2 − |c2|2 − |c3|2)(2 + |c1|2)
+ 36|c1|4(1− |c1|2) + 76|c2|2(1− |c1|2) + 3|c1|2|c2|2
]
=
1
8640
[
76 +
512√
30
|c3| − 72|c3|2 +B
]
,
where
B = −|c1|2(44− 4|c1|2 + 109|c2|2 + 36|c3|2 + 36|c1|4) ≤ 0.
Therefore, for |c3| ≤ 1 we have
|H3(1)| ≤ 1
8640
[
76 +
512√
30
|c3| − 72|c3|2
]
≤ 1
8640

76 + 512√
30
· 16
9
√
2
15
− 72 ·
(
16
9
√
2
15
)2
=
3589
291600
= 0.0123 . . . .

The estimates of the third Hankel determinant given in Theorem 1 and Theorem
2 are probably not sharp. Here is a conjecture of the sharp values.
Conjecture 1. Let f ∈ A and is of the form f(z) = z + a2z2 + a3z3 + · · · .
(i) If f ∈ F , then |H3(1)| ≤ 116 = 0.0625;
(ii) If f ∈ G, then |H3(1)| ≤ 192160 = 0.00879 . . ..
Both estimates are sharp with extremal functions 1+2z
2
1−z2 and
1
2
(
z
√
1− z2 + arcsin z),
respectively, obtained for ω(z) = z2 in (1) and (4).
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